For packings of hard but not perfectly rigid particles, the length scales that govern the packing geometry and the contact forces are well separated. This separation of length scales is explored in the force network ensemble, where one studies the space of allowed force configurations for a given, frozen contact geometry. Here we review results of this approach, which yields nontrivial predictions for the effect of packing dimension and anisotropy on the contact force distribution P (f ), the response to overall shear and point forcing, all of which can be studied in great numerical detail. Moreover, there are emerging analytical approaches that very effectively capture, for example, the form of force distributions.
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PACS numbers: 45.70 .Cc, 05.40.a, 46.65.+g Force networks are a striking feature of granular media [1] [2] [3] [4] [5] -see Fig. 1 . This organization of the contact forces between individual grains has fascinated physicists for decades [6] [7] [8] [9] . Why are these contact forces interesting? First, the fluctuations of the forces appear to be unexpectedly strong, with early measurements [10, 11] and models [12] indicating that the probability distribution function of the contact forces, P (f ), is not narrowly distributed about its mean, but instead decays exponentially at large forces. Second, the spatial organization of the strong contact forces in so-called force networks plays an important role in the memory effects exhibited by granular media [13, 14] . Third, predicting the mechanical properties of granular assemblies is a central goal of granular theory [15] [16] [17] [18] [19] [20] [21] , and these stresses ultimately originate from the contact forces and their organization.
From a microscopic point of view, the contact forces arise from deformations of the constituent grains. This perspective is useful when developing a detailed numerical recipe, but theoretically unwieldy. Because granular media are highly disordered the details of the contact geometry play a crucial role, response to a load is not affine, and macroscopic elasticity cannot be inferred directly from a microscopic force law [5] . Additionally, grain deformations are typically very small -a steel ball of 1 mm deforms only by a nanometer under its own weight, and buried under a pile of beads one meter thick, typical deformations are of order of 100 nm. This leads to a strong separation of the scale governing the geometry of the packing and the scale governing the contact forces.
In this paper we review the Force Network Ensemble (FNE) [22] , which is a model that relies on the separation of scales relevant for the contact forces (nanometers) and the particle scale (millimeters). The central idea is that, for a given packing geometry, many different microscopic configurations of noncohesive forces satisfy force (and possibly torque) balance on each grain, while also The fascinating properties of static granular matter are closely related to the organization of the interparticle contact forces into highly heterogeneous force networks [1] . The probability density of contact forces, Pf, has emerged as a key characterization of a wide range of thermal and athermal systems [2 -8] . Most of these studies so far focused on the broad tail of this distribution. Recently, however, the nonuniversal shoulder of Pf for small forces has received increasing attention, since it appears to contain nontrivial information on the state of the system: Pf exhibits a peak at some small value of f for ''jammed'' systems which gives way to monotonic behavior above the glass transition [7] [8] [9] . This hints at a possible connection between jamming, glassy behavior, and force network statistics, and underscores the paramount importance of developing a theoretical framework for the statistics and spatial organization of the forces.
A first step towards a statistical description of force networks is the definition of a suitable ensemble over which to take averages. A popular approach is that of Edwards, who proposed to take an equal probability for all ''blocked'' states of a given energy and density [10, 11] . Each point in this ensemble defines a contact geometry and a configuration of (balancing) contact forces. Even though the precise particle locations and contact forces are related, the crucial point is that for hard particles (most granular matter, hard-sphere colloids, particles with a steep Lennard-Jones interactions) a separation of scales occurs [7] : forces inside a pile of steel balls originate from minute deformations ( ' 10 ÿ3 ). In this Letter we exploit this scale separation by focusing on the ensemble of force configurations for a given fixed packing configuration; see Fig. 1 . As we will show, the forces can be considered underdetermined in this approach, since the number of unknown forces exceeds the number of balance equations: such packings are referred to as hyperstatic. Both packings of entirely rigid, frictional particles and packings of frictionless particles that deform '10 ÿ3 are hyperstatic [12] . For transparency, however, we will restrict ourselves to two dimensional frictionless hyperstatic packings. In the spirit of Edwards, we sample all allowed force configurations for a given packing with equal probability. Interestingly, the idea to restrict the ensemble to fixed geometries has also been suggested by Bouchaud in the context of extremely weak tapping [13] .
Our ensemble approach captures the essential features of force networks ( Fig. 1 ) and leads to new insights on the nonuniversal ''shoulder'' of Pf. In addition, by separating the contact geometry from the forces, we can start to disentangle the separate roles of contact and stress anisotropies in sheared systems. The conceptual advantage of not averaging over packing geometries is complemented by practical advantages: our protocol is numerically cheap and analytically accessible.
Formulation.-We study 2D packings of N frictionless disks of radii R i with centers r i . We denote the interparticle force on particle i due to its contact with particle j by f ij . There are zN=2 contact forces in such satisfying boundary conditions in terms of the applied stresses. In other words, the forces can be seen as underdetermined. As a simple example of force indeterminacy, one may think of the forces acting on a ladder that rests against a wall under an angle -a range of contact forces is possible to keep the ladder in balance. This indeterminacy carries over to collections of grains, as is illustrated in Fig. 1 . Both ordered and disordered packings allow for many different force networks that respect mechanical equilibrium on each grain. By averaging over all possible force configurations the FNE provides a model for statistical properties of force networks. Of course, in a real physical system, the actual forces are selected by the history and elasticity of the ladder or particles.
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Strictly speaking, this indeterministic point of view only makes sense in the limit of very hard contacts. A subtle point is then that for perfectly rigid frictionless spheres, the geometry completely specifies the forcesfrictionless hard spheres in dimension d organize such that their mean number of contacts z reaches a well defined limit z iso = 2d, termed isostatic, such that the number of contact forces and mechanical constraints precisely balance [23] [24] [25] [26] . In more modern language, the small relative deformations of the particles imply that granular media are close to the "jamming point" [5, [27] [28] [29] . Frictionless spheres are isostatic in this limit. Frictional particles, however, are generally not isostatic at the jamming point [30] [31] [32] [33] . The idea of sampling all force configurations compatible with force balance/torque balance and boundary conditions is therefore on firmer footing physically in frictional packings. Having said that, the ensemble is also mathematically well-defined for frictionless systems, and many of the examples discussed below are frictionless.
An additional motivation to study the FNE is somewhat more abstract. The idea of sampling all possible configurations goes back to Edwards, who advocated considering ensembles of all grain configurations consistent with some set of boundary conditions [34] . In general this is hard or impossible to do explicitly. The FNE can be seen as a restricted Edwards ensemble [17] , with an extensive measure of the stress playing a role analogous to energy in equilibrium statistical mechanics [35, 36] . The ensemble then allows one to explore the consequences of and limits to the Edwards approach. For example, we will see that one popular notion, namely that entropy maximization implies robustly exponential force statistics [37] , does not survive confrontation with the FNE.
The scope of this paper is to review the literature on the FNE and closely related work [22, 32, 35, 36, [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] . The outline of this paper is as follows. We first motivate the ensemble in more detail and quantify the degree of force indeterminacy in Sec. I. Statistical properties of the ensemble are discussed in Sec. II, with a focus on the contact force distribution P (f ). Section III addresses the mechanical response to applying an external load, such as a uniform shear stress or a localized point force. The paper closes with a discussion on the successes and limitations of the FNE, where we also point out future directions. Throughout the paper we confront the ensemble predictions to experimental or numerical data, when available.
I. MOTIVATION: FORCE INDETERMINACY
The FNE crucially relies on force indeterminacy, meaning that the equations of local force and torque balance do not uniquely determine the forces. It is therefore instructive to specify it further. As an example, we consider a rigid ball in a groove with opening angle 2θ and contact forces f = (f (1) n , f (1) t , f (2) n , f (2) t ) (see Fig. 2 ). For this packing, z ≈ 3.06 and φ ≈ 0.77 (this density includes rattlers, which are not shown in this image and occur in the "holes"). Lines indicate the strength of the normal forces -note the large number of near contacts (pairs of particles appearing to touch but not connected by a force line). Disc color indicates local contact number, clearly identifying the large fraction of particles with two contacts only -these do not arise in frictionless systems.
the excess contact number with distance to the isostatic jamming point. We have stressed the viewpoint that geometry and mechanics are intimately linked for these systems, and that near point J, local non-affinity and global anomalous mechanical scaling go hand in hand.
IV. JAMMING OF FRICTIONAL SPHERES
Here we discuss the rich phenomenology of jamming of frictional soft spheres. The major difference with the frictionless case is that both the packing density φ c and contact number z c at jamming are not unique but depend on the friction coefficient and on the history of the packing, and are lower than for frictionless spheres [37, 46, [66] [67] [68] [69] [70] -see figure 15 .
Jamming and isostaticity no longer go hand in hand for frictional spheres. The contact number at jamming, z c , can range from d + 1 to 2d, where d + 1 is the isostatic value z µ iso for frictional spheres (see section IV A 1 and Appendix A). It appears that z c approaches z µ iso only in the limit of µ → ∞ and very slow equilibration of the packings [68] [69] [70] -see section IV A 4. In all other cases, the number of contacts at jamming is larger than the minimal number needed for force balance and rigidity, and frictional packings of soft spheres at jamming (or, equivalently, frictional rigid spheres), are hyperstatic: z c > z µ iso . This implies that for packings of rigid, frictional spheres, the contact forces are not uniquely determined by the packing geometry, as is the case for the isostatic packings of rigid, frictionless spheres [44, 45] . An explicit example of this so-called indeterminacy of frictional forces is shown in Fig. 16 [71] . [71] . (a) In the frictionless case, the system is isostatic, and the contact forces (black) balancing the gravitational force (blue) are unique. (b) In the frictional case, the system is hyperstatic: contact forces in hard frictional systems are, in general, under determined. In this example, there are four force degrees of freedom (two normal and two frictional forces), and only three balance equations (total force in x and y direction and torque balance). This leads to a family of solutions (three examples indicated in red, orange and green) that balance the gravitational force (blue). Which of these is realized depends on the history of the system.
What does the deviation of the critical contact number from the isostatic value imply for the scaling of quantities such as G, K and ω * ? We will show that these scale with distance to the frictional isostatic point, z − z µ iso . Thus, when the jamming transition is approached, bulk quantities in general do not exhibit scaling with distance to the jamming point, since, at jamming, z approaches z c ≥ z µ iso [46, 66, [68] [69] [70] 72] . Scaling with distance to jamming can only occur when z c = z µ iso . Hence, jamming is not critical for frictional systems: powerlaw scaling of bulk quantities with distance to jamming is the exception, not the rule.
The jamming scenario for frictional soft spheres is detailed below. We briefly discuss the frictional contact laws in section IV 1. In section IV A we discuss the properties of frictional sphere packings at the jamming threshold, or equivalently, packings of undeformable frictional spheres. We focus on the variation of the range of contact numbers and densities as function of µ in sections IV A 1-IV A 3. Finally we introduce the concept of generalized isostaticity, which is relevant for frictional packings that have fully mobilized contacts in section IV A 4. In section IV B concerns frictional packings at finite pressures and we discuss the (breakdown) of scaling with distance to jamming.
Frictional Contact Laws
Friction is taken into account by extending the contact force model to account both for normal forces F n and tangential forces F t . In the simple Coulomb picture of friction, contacts do not slide as long as the ratio of tangential and normal forces remains smaller or equal than the friction coefficient µ: reduces force ambiguity. One can separate the two effects by fixing the configuration and letting the Coulomb angle alone influence η: We generated one packing without friction but switched on friction before sampling forceconfigurations. The results obtained this way (squares in Fig. 1 ) provide monotonously increasing fluctuations, as expected. Compared to the original data (full circles) deviations appear only on the right side of the figure, where the changes in the connectivity become important, while the behavior on the left side is governed by the first effect. For small µ the average coordination number of the configuration is essentially the same as in the frictionless case, where from isostaticity N c ≈ 2n follows. This gives us the degree of indeterminacy: 2N c − 3n ≈ N c /2, since there are two unknown force components per contact and three equations per disk due to force and torque balance. Thus we conclude that for tiny friction there is a small but high-dimensional set of force-solutions in the 2N c dimensional force-space, and its size goes to zero with vanishing friction. Similarly for spheres in three dimensions one obtains an N c -dimensional solution set S within a 3N c -dimensional force space F. For large µ the dimension of S is strongly reduced due to the decreasing number of contacts. In our small system we found that dim(S) can reach even zero, allowing only one single force-configuration. This case corresponds to the marginal rigidity state found in experiments [22] .
The regression of the degrees of freedom occurs in an interesting way: the indeterminacy gets localized in space into small subgraphs of the contact-network, which are surrounded by determined forces, i.e. a relatively large ambiguity is present but only in a small part of the system (Fig. 2.b) . The pattern of the fluctuationbearing contacts can be visualized by plotting the difference between any two admissible force-configurations. We found the same subgraphs as in Fig. 2 .b also for other arrangements of boundary forces, showing that this indeterminacy-pattern is indeed a property of the pack- ing texture. Each of the two subgraphs shown in Fi is statically indeterminate, carries only one degree o dom and cannot be reduced further because the de of one particle or one contact would cancel the nal indeterminacy. We call such subgraphs eleme clusters. They can be regarded as geometric units determinacy.
If the connectivity is high the formation of ele tary clusters is more probable, which suggest the fo ing picture: For small friction many overlapping ele tary clusters are formed so that two admissible solu generically differ throughout the system (Fig. 2 .a) N c is reduced the density of the elementary clust decreases and the indeterminacy gets localized into separated domains. Around µ = 1 the density ρ bec so small that only a few elementary clusters are pr due to the finite system size. This explains the s scattering of the data for η in Fig. 1 .
The spatial localization raises the question of a colation transition. In case of small ρ the sepa domains carry force-fluctuations independently of other, therefore we think that η becomes a well de intensive quantity for large systems. However if the terminacy percolates through the system the overla elementary clusters provide fluctuating boundary for each other, thus the indeterminacy of forces hanced with growing system size. Simulations up t particles show this size dependence, but it is not what happens in the thermodynamic limit.
Finally we investigate the dynamically created configuration {F i,0 }, which is determined by the struction history. Our findings indicate that this is more "central" than typical points in the solutio We generate 20 initial configurations with µ = 0.0 sample for each of them 100 points randomly in S. (vectorial) average is regarded as the center of S. we measure the Euclidean distances of the sam points from the center. The histogram of the distan units of their average¯ is shown in Fig. 3 together the histogram of the distances 0 of the initial, dy ically generated 20 points from the centers of the responding sets S. The two histograms clearly ind that the initial points are closer to the center on
each of which contacts n downwards neighbors. This scenario is illustrated in Fig. 1 for a triangular lattice in two dimensions with n = 2. In the q-model the horizontal contacts play no role, though they will enter in the next section. We will ultimately be interested in the vertical load w supported by individual grains. This load is equal to the sum of the vertical components of the n contact forces applied to the grain by its upwards neighbors. Force balance in the vertical direction requires that the sum of the vertical components of the grain's own n downward contact forces be w + mg. Similarly, a layer of grains at dimensionless depth D (starting from 0) must support the weight of all D layers above it. This suggests that we study the statistics of the N loads in layer D normalized by the average load in the layer,
The weight of a single grain is directly supported by a cone of grains opening in the downward direction, with the grain itself as the cone's tip. Similarly, a grain can potentially support the weight of an upward-opening cone of grains. For asymptotically deep systems and equal weighting of all possible distributions of the loads, we may neglect the spatial correlations implied by these cones of influence and assume that the weight of any shallower grain is equally likely to contribute to the load on each grain in layer D.
In the asymptotically deep limit, we anticipate that the distributions of normalized loads, P D (ω), are independent of the depth, i.e. there is some distribution P(ω) to which they all collapse. Moreover, we hypothesize that the distribution P(ω) is entropy maximizing. That is, the functional
is maximized, subject to the constraints
Ω(ω) ∝ ω n−1 is the density of single-grain states with load ω, which follows from the volume of phase space available to a grain with n downwards contacts. The former of Eqs. (2) is a normalization condition and the latter is the limit of N −1 ∑ N j=1 ω j = 1 for large N. This maximization problem may be solved by the method of Lagrange multipliers, yielding
Coppersmith et al. have shown that Eq. (3) is exact in the asymptotically deep limit.
A 'tile' formed from the forces on a grain (a) by rotating and then graphically summing them in a righthand fashion (b). When the grain experiences a body force (c) the tile does not close (d). Note that, in arriving at Eq. (3), we did not need to keep track of vertical force balance on each grain. Instead, it sufficed to enforce a conservation law, Eq. (2), that results from vertical force balance. The remaining sections will hinge on the observation that there exists an additional conservation law in the presence of horizontal force balance. Neglecting horizontal force balance violates the conservation law, while adding an additional constraint to Eqs. (2) and sampling all balanced networks flatly eliminates the exponential tail in P(ω).
VECTOR FORCE BALANCE
In keeping with the development of the q-model, we will consider a triangular lattice contact network that supports an ensemble of balanced configurations of forces. Unlike the q-model, we now incorporate vector rather than scalar force balance, and, rather than the layer-by-layer approach, we use Monte Carlo methods that sample balanced states with equal a priori probability. By taking the grains to be frictionless disks, forces are restricted to act along the line connecting grain centers, hence torque balance is satisfied automatically. The system is periodic This system illustrates many salient features of indeterminacy [5, 38, 39] . By inspection, the weight of the ball −mgẑ can be supported by purely normal forces f 0 = (c, 0, c, 0), where c = 1 2 mg/ sin θ. This solution is not unique, however; by adding normal and tangential forces proportional to δf = (− sin θ, cos θ, − sin θ, cos θ), other solutions of the form f + δf can be identified.
Indeterminacy carries over to packings of many grains, with the frictionless triangular lattice being an instructive example. There each grain participates in z = 6 contacts, so there are z/2 distinct contact forces per grain. As each grain brings d = 2 force balance constraints, we anticipate (z/2) − d = 1 degree of freedom per grain, i.e. one rearrangement of the forces that respects force balance, as with the ball in a wedge. This rearrangement, identified in Ref. [40] , is called a wheel move (Fig. 2c) . The idea is that by decreasing all six forces that contact a certain grain (black arrows) while simultaneously increasing the six forces that lie on a shell around the central grain by the same amount (red arrows), the total vector force on all grains remains invariant. Note that one should be careful that all contact forces remain noncohesive.
Wheel moves can be generalized for packings with disorder and friction [32, 40, 46] . In this case the rearrangements of the forces generally cease to be localized, as demonstrated in Fig. 2d . Just as in the frictionless triangular lattice, the number of independent force rearrangements N w in a packing of N grains is given by the excess of force components over force/torque balance constraints,
Here ∆z = z − z iso and d f is the number of force components per contact. The isostatic contact number z iso = 2d (resp. d+1) and d f = 1 (resp. d) in frictionless (frictional) sphere packings [5] . The correction in Eq. (1) depends on details of the boundary conditions. Refs. [40] and [46] give a prescription for constructing a set of N w rearrangements {δf k }. With these in hand, any force network f = { f ij } on a given contact network can be expressed by giving the weight w k on each force rearrangement:
f 0 is any balanced force network with the appropriate stress tensorσ, i.e. a particular solution. The stress tensor can be expressed in terms of the microscopic forces via [22] 
Here V is the volume of the contact network and r ij points from the center of grain i to the center of grain j.
The force rearrangements {δf k } alter forces in the system without violating mechanical equilibrium, and are therefore the mechanism of force fluctuations in the FNE. They can be employed as Monte Carlo moves to sample the space of force networks [40, 47] , which can be achieved by varying the {w k }. It is important to note that the weights {w k } are strongly constrained by inequalities. These express the constraints that (i) all normal forces are noncohesive, i.e. f n ≥ 0, and (ii) all tangential forces respect Coulomb's constraint |f t | ≤ µf n .
As the FNE employs a flat measure, meaning all valid force networks are given equal statistical weight, all the essential physics of the FNE is encoded in the geometry of a high-dimensional space. The geometry, in turn, is determined by force balance and the positivity and Coulomb constraints. One can think of each force network as occupying a point in a space with each weight w k describing an axis. In this space the noncohesive and Coulomb constraints each describe planar boundaries where a normal force is zero or a tangential force is fully mobilized, respectively. These boundaries enclose a convex polytope, which we call F C and which contains all possible force networks {f k } on a contact network C [32, 35, 39] .
Indeterminacy is intimately connected with the size and shape of the space of force networks F C . Globally, this space has dimension D = N w . Locally, the "size" of the space in a particular direction can be quantified by seeking the largest and smallest values a particular contact force component can take on, by varying the {w k } to the extremes of F C [39, 48] . E.g. for the tangential force at contact c, the indeterminacy η is
The denominator serves simply to normalize by a typical force scale in the packing, hence other choices are possible. McNamara and Herrmann, who study packings under gravity using Contact Dynamics (CD) and MD, use the average weight of a grain mg [39] . It is apparent from Fig. 2b that force fluctuations have a rich spatial structure, and indeed Ref. [39] finds that η is broadly distributed and is positively correlated with contacts that carry large forces. Note that, although there is an upper bound on the maximum normal force f n (and hence |f t |) in a finite size packing [40, 47] , that bound grows with system size. It may therefore be useful to study the behavior of η in the thermodynamic limit. Averaging η of Eq. (4) over all normal and tangential contact force components gives a purely geometric global measure of indeterminacy, related to the volume of F C . As shown in Fig. 3 , several alternative measures display qualitatively similar, nontrivial dependence on friction coefficient µ in frictional packings generated by CD, which treats perfectly rigid grains [32, 48] . Indeterminacy must be zero when the system is isostatic, which generically occurs for µ = 0 and µ → ∞ [5] . For finite µ the global indeterminacy η displays a maximum for µ ≈ 0.1 due to a balance between two competing effects [32] . Increasing µ opens the Coulomb cone, which increases the volume of F C without changing its dimension. In contrast, increasing µ lowers the contact number z, and hence D. For a number of numerical protocols z(µ) decreases abruptly around µ ≈ 0.1. Thus the force indeterminacy η displays a sharp signature of the packing structure (Fig. 3) .
II. STRESS STATISTICS
The statistics of local measures of the stress, such as the force f at a contact or the pressure p on a grain, provide a fundamental microscopic characterization of the material's stress state. The FNE has turned out to be an ideal model to probe these probability distributions.
We first provide a brief review of characteristic properties of the stress statistics of static packings. The second part of this section addresses theoretical aspects of statistics in the FNE, followed by a discussion.
A. Characteristic features of P (f )
Let us begin with a numerical characterization of the force probability density P (f ) from Molecular Dynamics (MD) simulations on frictionless systems. Figure 4 depicts P (f ) for a range of confining pressures Π, effectively changing the coordination number, for both Hookean and Hertzian interactions [47] . Several features stand out. All distributions have (i) a peak near the mean force f , (ii) a nonvanishing weight as f → 0 + , and (iii) a width comparable to f . The latter two properties reflect heterogeneity in the force network, while it has been not has no effect on the value of 3 . Our numerical tests ͑not shown͒ reveal that the values of i are well reproducible and do not strongly depend on the total number of grains.
In Fig. 1 we compare the values of obtained by the three methods which, up to a constant factor, provide basically the same behavior in the whole range of friction ͑ 1 Ϸ 2 Ϸ 0.15 3 ͒. The nonmonotonic friction dependence, reported in ͓5͔, is reproduced here independently of the quantifying method. We note that the average coordination number z of the packing depends strongly on the friction coefficient ͑inset of Fig. 1͒ ; consequently, the dimension of S is varied with .
Next we investigate the effect of on the mechanical response of granular packings. In Refs. ͓15,21͔ local perturbations were used to break the equilibrium structure of the homogeneous packings and induce motion of the grains. It turned out that the displacements of the particles due to local perturbations decay as a power law of the distance from the perturbation point. The numerical experiment was repeated for several packings constructed with different revealing that the decay exponent ␣ and the critical force F crit , i.e., the force needed to break the mechanical equilibrium, exhibit a nonmonotonic dependence on the friction with extrema at = 0.1 similarly to the behavior of . This similarity suggests the picture that a packing with larger force indeterminacy becomes more stable against perturbations. Here, we test directly whether such a relation exists. Together with the force indeterminacy we determine also the response quantities F crit and ␣ for the same packing configurations. Since the different methods we used to quantify are basically equivalent, we plot the response quantities in terms of 2 in Fig. 2 .
The same series of packings are plotted here as in suggested that the peak is symptomatic of the jammed state [51] . These three features, the "look and feel" of P (f ), are observed in a variety of simulations and experiments [2, 4, 10, 11, 30, [51] [52] [53] [54] [55] [56] [57] [58] . This hints at generic mechanisms that can be probed within the FNE, in particular since the qualitative features of P (f ) in packings are insensitive to the force law. The simplest system to which one can apply the FNE is the two-dimensional contact network with triangular every curve will have the same decay length.
We conclude that P͑f͒ on the anisotropic lattice displays an exponential tail in the following sense. For moderate ␣ and n, a portion of the tail of P͑f͒ is nearly linear on a log plot. The decay is not truly exponential because of the finite anisotropy and finite lattice size, but the limiting behavior of P͑f͒ as n and ␣ are increased is a true exponential. The region of nearly exponential decay grows with increasing anisotropy, extending as far as f Ϸ 3͗f s ͘ for ␣ = 8.
We note that the degree of anisotropy represented by a given value of ␣ can be compared to the anistropy supported by materials described by an internal friction parameter. The ratio of major and minor principal stresses on our lattice is 1 / 2 = ͑␣ +1͒ / ͱ 3. By exploiting the relation 1 / 2 = ͑1 + sin ͒ / ͑1 − sin ͒ ͓30͔, where is the angle of internal friction, we find that ␣ = 8 corresponds to an internal friction of approximately 43°.
The survival of the exponential tail of strong forces in large triangular lattices under anisotropic loading can be traced to the discussion based on Fig. 2 concerning the sums of forces along layers of edges in the various directions. That argument shows that the strong forces in one lattice direction cannot be redistributed into the other directions due to vector force balance constraints. Thus for strongly anisotropic lattices, the strong forces will follow scaling laws close to the limiting exponential form corresponding to no force at all in the weak direction͑s͒. Note that in the case of two strong directions and one weak, the two strong are effectively independent since strong chains from the two directions cannot interact significantly without generating a strong chain in the supposedly weak direction and thereby reducing the degree of anisotropy.
VI. CONCLUSION
We have investigated the distribution P͑f͒ of contact forces on a lattice of triangular bonds under the Edwards flat measure. An interesting question is whether one expects exponential decay in P͑f͒. The triangular lattice is a simple but nontrivial system for studying this phenomenon.
The distribution on the n ϫ n periodic lattice decays faster than exponentially, as reported previously ͓15͔. Diluting the [40] .) lattice symmetry and isotropic stress [22, 40, 46] , as in Fig. 1a . The corresponding P (f ) is represented by the dashed curves in Fig. 4 . Indeed, the FNE prediction agrees very well with the results from Molecular Dynamics simulations and bears the three characteristic features of P (f ). In addition, very similar results were obtained when numerically sampling FNE for disordered disk packings with varying average contact numbers ranging from z = 6 to 4.3 [46] . Closer approach to the isostatic point z iso = 4, where the space of allowed force networks vanishes, is numerically impractical; hence the FNE is not the appropriate tool to probe P (f ) near z iso .
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Ref. [40] explores the consequences of stress anisotropy in the triangular lattice. Anisotropy corresponds to τ > 0 when the principle stresses σ 1 ≥ σ 2 are unequal:
Anisotropy introduces a separate force distribution for each lattice direction. P (f ) for forces aligned with the principal stress direction broadens and develops a regime of exponential decay before crossing over to fasterthan-exponential decay (Fig. 5) . The width of this regime grows with increasing τ . For sufficiently strong anisotropy, P (f ) averaged over lattice directions loses its peak near f , suggesting the presence of a peak in P (f ) is not a robust signature of the jammed state [35, 40] . In an ordered packing in the limit τ → 1, force is restricted to one lattice direction, the system is quasi-one dimensional, and P (f ) becomes exactly exponential [40] . A similar exponential regime is observed for disordered contact networks under shear, before crossing over to asymptotically Gaussian decay [46] . Recently, numerical results for the FNE have been obtained using umbrella sampling, with which the FNE can be sampled far more efficiently -and hence P (f ) can be determined far more accurately -than ensembles generated by experiments or MD [36, 46, 47] . With this accuracy, which permits sampling P (f ) over tens of decades in the tail (Fig. 6a) , it has been put beyond any doubt that P (f ) in the FNE decays faster than exponentially. This is already suggested by Figs. 4, in which P (f ) clearly bends downwards on a semi-log plot. P (f ) in the FNE is numerically determined in Ref. [46] to decay as exp (−f b ), with the exponent b dependent on the dimension. Consistent with theoretical arguments (see below), b = 2 for two dimensions (Fig. 6b) , i.e. the tail of P (f ) is Gaussian. For higher dimensions P (f ) decays as a compressed exponential (Fig. 6c,d) , with b ≈ 1.6(1) in 3D and b ≈ 1.4(1) in 4D. Numerics show no dependence of b on disorder for ∆z as small as 0.3 [46, 47] . In light of early experiments finding exponential tails, these results are surprising; we return to this point below.
To summarize, P (0) > 0 for all frictionless force networks in the FNE. Though there is often a peak for finite f , it can be destroyed by strong anisotropy. The force distribution is always wide and its asymptotic tail is set only by the dimension. Strong anisotropy, however, can open an intermediate regime of exponential decay.
B. P (f ) in theory
Two of the robust features of P (f ) identified above are the finite value of P (f ) for vanishing force, and the asymptotic form of its tail. We will discuss now how, in the FNE, the origins of the former remain an open quesion, while the latter follows from entropy maximization in the presence of an unanticipated constraint.
It has been suggested that, in the presence of a flat measure, the finite value of P (f ) for vanishing force can be traced to the geometric properties of the high dimensional space F C [35] . In frictionless systems, states with a zero contact force sit on one of the boundary facets of F C , and high dimensional spaces have the curious but well known property that the overwhelming majority of the space is close to the boundary. This fact seems to motivate the presence of many vanishingly small forces. In preparing this review, however, it became apparent that this reasoning does not stand up to closer scrutiny. Simply by dimensional analysis, the fraction v(δf ) of the volume of F C within δf of the surface must be v ∆z z δf f . If this volume were simply divided among the N c contact forces, then P (0) ≈ v(δf )/N c δf would vanish in the thermodynamic limit. The fact that it does not means that a typical force network within δf of one boundary facet is also within δf of a finite fraction of the other boundary facets. Precisely how this can be understood, and how, e.g., P (0) depends on contact number z, is an interesting and open question.
We have seen that P (f ) in two dimensions has a Gaussian tail (Fig. 6b) . To understand how this comes about, it is instructive to study a related distribution, namely that of local pressures p. The grain scale "pressures" p i = j (f n ) ij are convenient both because the constraints of force balance enter at the grain scale and because the pressure is a slightly coarse-grained stress. The form of the probability distribution P (p) is motivated in Ref. [36] by an entropy maximization argument, the crux of which we sketch here. The argument relies on the observation that force networks in two dimensions admit a reciprocal representation in which forces from the network are used to construct tiles that tessellate space [59] . A tile is formed by graphically summing the contact forces on a grain in a right-hand fashion; Fig. 7 gives an example. The key observation is that, because stressσ and volume V are both fixed in the FNE, the area of the tiling A = (detσ)V is also invariant [36, 49, 50] . This is a collective effect; the tiling only exists when every grain is in force balance.
For concreteness, consider a frictionless triangular lattice with isotropic stress and pressure,σ := ( √
where r is the grain radius. Because the stress is fixed, the grain-scale pressures {p i } obey a sum rule:
Π is therefore the average local pressure. The new observation is that because there is a tiling and its area is 6 invariant, the local areas {a i } also obey a sum rule
Note that Eq. (7) is satisfied automatically when Eq. (6) and force balance on every grain are imposed. In analytical calculations one typically resorts to treating local force balance approximately, with the consequence that Eq. (7) is violated -see Ref. [50] for a detailed discussion of this point. In this case, imposing the area sum rule as a constraint reintroduces a necessary consequence of local force balance. The surprise is that by incorporating this global constraint, instead of the O(N ) local force balance constraints, one can successfully predict stress statistics in the FNE via an entropy maximization calculation [36] . The resulting distribution of local pressures in the frictionless triangular lattice is
The exponent in the prefactor depends on contact network; ν = 3 for the for the frictionless triangular lattice. Z, α, and γ are not free parameters but Lagrange multipliers determined by normalization of P (p) and Eqs. (6) and (7). a(p) ∝ p 2 is the average area of a tile with corresponding pressure p; it appears because the area sum rule has been imposed. For asymptotically large pressures the quadratic term dominates and the tail of P (p) is Gaussian. For small γ, however, the Gaussian form may only become apparent deep in the tail. Eq. (8) is in excellent agreement with numerics; see Fig. 7d . Though it has not been shown that a Gaussian tail in P (p) requires a Gaussian tail in P (f ), it is an empirical fact that the tails of P (f ) and P (p) always have the same form. Hence the invariant tiling area presumably also explains the tail of P (f ).
The pressure sum rule, Eq. (6), is reminiscent of energy in a microcanonical ensemble, which also obeys a sum rule. This similarity has provoked a number of authors to explore parallels between equilibrium statistical mechanics and stress-based ensembles of packings, under the assumption that they are also entropy maximizing, see e.g. Refs. [18, [60] [61] [62] [63] [64] [65] . In a statistical mechanics framework, a natural first step is to consider the analog of an ideal gas, i.e. completely neglecting correlations between particles and maximizing entropy in the presence of the constraint Eq. (6). This "ideal gas approach" predicts exponential tails, and is therefore not adequate to describe statistics of forces in the FNE. Though the calculation of Ref. [36] sketched above also neglects spatial correlations, by incorporating the tiling area constraint it retains information that the ideal gas approach throws out. It is remarkable that including just one more global constraint, rather than the many local force balance constraints, so thoroughly captures the numerical distribution (Fig. 7d) . Neglecting spatial correlations is no longer reasonable in the presence of a diverging length scale near isostaticity [66, 67] , so Eq. (8) makes no prediction for this case.
Is there a counterpart to the tiling constraint for higher dimensions? One can indeed construct polyhedra analogous to the polygonal tiles of Fig. 7 [36, 68] 
C. Comparison to experiment and simulation
How well do these features conform with P (f ) from experimental or simulated systems? Finite P (0) is indeed a robust feature of bulk measurements. Similarly, sampled distributions are broad, and a qualitative change in P (f ) has been observed in the only experiments to systematically vary anisotropy [4] . It is less clear if any general statements can be made about the form of the tail of P (f ) in real granular systems [2, 4, 10, 11, 29, 30, 47, [51] [52] [53] [54] [55] [56] [57] [58] [69] [70] [71] [72] .
The earliest measurements of P (f ) -made at the boundary of packings using the carbon paper method [10, 11] -displayed unambiguously exponential tails. Accompanied by the q-model [12] , which predicts exponentials, these experiments established the expectation that P (f ) should decay exponentially. Forces in the bulk are difficult to access experimentally, and there have been few measurements [4, 55, 57, 58] . Those there are raise doubts regarding the robustness of exponentials; distributions from isotropic 2D photoelastic systems [4] and 3D emulsions [57, 58] show downward curvature on a semilog plot, suggesting faster than exponential decay. Statistics are limited, however, and it is difficult to determine the asymptotic form of the tail.
Simulation results are inconsistent [2, 29, 30, 47, 51-54, 69, 70, 73] . Though some distributions are clearly exponential [2, 69] , others display noticeable curvature on a semi-log plot [47, 54, 70, 73] . Few simulations capture more than three decades in the tail, making it difficult to distinguish exponentials from broad Gaussians or compressed exponentials. The tail of P (f ) may show signatures of the approach to isostaticity; this point is not settled, and the FNE, which vanishes at the isostatic point, provides no illumination. While data from Zhang and Makse cross over from Gaussian to exponential decay near unjamming [29] , data from Silbert et al. remain Gaussian even when the distance to the critical packing fraction φ c is as small as 10 −6 [73] . O'Hern et al. find Gaussian tails in an ensemble at fixed distance to the transition, while fluctuations in this distance due to finite size, which occur in fixed volume ensembles, can render tails exponential [70] . 
III. MECHANICAL PROPERTIES
It is generally thought that force networks are important for the mechanical properties of static and quasistatic granular materials. Since the FNE accurately describes the statistics of real force networks, one could ask whether it also captures mechanical response to external loading. This can indeed be explored within the FNE. We discuss the response to anisotropic loads (shear stress) and localized loads (a point force at the boundary).
A. Response to a shear stress
Anisotropic force states such as shown in Fig. 5 appear naturally when imposing a shear stress to the system. It is interesting to study this effect for disordered packings, for which the anisotropy cannot be aligned along preferred lattice directions. Figure 8a illustrates how the imposed shear stress σ xy gives rise to major and minor principal axes at angles φ = π/4 and 3π/4 respectively [42] . As above, we quantify anisotropy by τ from Eq. 5.
The resulting force anisotropy can be investigated using the angle resolved PDF, representing P (f ) at different orientations φ. Figure 8b shows results obtained in the FNE for frictionless packings with isotropic contact networks [42] . The modulation along φ increases with ntact forces evolve to satisfy the applied lection of a specific force network for a l experiment hinges on microscopic details story. On the other hand, features like conabilities have turned out to be relatively hese subtle details [11] [12] [13] [14] [15] , which suggest rely statistical approach. In this Letter we anular packs under shear stress by studying orce networks for fixed contact networks pproach is based on the fact that in jammed re more contact forces than force balance ensemble simply consists of all those force hich the contact forces are repulsive, balgrain, and satisfy global stress constraints, the geometry fixed. This provides a novel tistics of force networks under shear stress, roles of fabric and force anisotropy are citly. ensembles of sheared force networks for s in two dimensions, for contact numbers z e lower limit z z c 4 (isostatic [22] ) to y hyperstatic). We recover a number of atures, in particular, a transition to yielding. force networks, in which purely repulsive with size ratio 
Both L m and τ m exhibit simple scaling laws with contact number z, z −z c and particle number N , resulting in a general prediction for the maximal shear stress τ m that a given granular packing can sustain before yielding.
Force ensemble -The numerical results have been obtained by a recently developed ensemble technique [17, 18, 19, 20, 21] . The input of the ensemble consists of a fixed contact geometry of a 2D packing of N = 1024 frictionless disks of radii R i with centers r i and coordination number z > z c in a volume V , which we generated from molecular dynamics simulations of a 50:50 binary mixture of particles with size ratio 1.4 that have a purely repulsive Lennard-Jones interaction. Different densities were used to obtain different z. The system is not sheared and the resulting contact networks are isotropic [2, 17] . These contact networks are then kept fixed, and the positive interparticle forces between particles i and j, f ij , are seen as degrees of freedom which satisfy mechanical equilibrium, restricted by the macroscopic stress σ αβ :
(1) In this picture there are (zN/2) degrees of freedom (contact forces) constrained by (2N + 3) equations, leading, for z > 4, to an ensemble of force networks that form a high-dimensional convex subspace F τ [17, 18, 19] . In this paper we choose the coordinates and pressure such that 
(1) In this picture there are (zN/2) degrees of freedom (contact forces) constrained by (2N + 3) equations, leading, for z > 4, to an ensemble of force networks that form a high-dimensional convex subspace F τ [17, 18, 19] . In this paper we choose the coordinates and pressure such that (ii) the geometry of the response function is in fact simpler than that of the pile, and offers rich possibilities. Response function measurements directly detect any symmetry breaking due to texture originating from either a specific preparation or from any other external action on the pile. The layer can be loose, dense, compacted, sheared, avalanched, sedimented, ordered, vibrated, and so on. Nevertheless, there are still a number of unresolved questions. For instance in the limiting case of isostatic pilings, numerical simulations [39, 40] and theoretical arguments [41, 42, 43, 44, 15] indicate that a hyperbolic equations should describe the stress propagation, although this is not in agreement with the work of Roux [45] .
Experiments have shown that the response to a point force is very sensitive to the preparation of the system [34] . For instance, for a 2D system which has been subjected to strain in a 2D shear box, the response function is skewed in the direction of the shear [25] showing a strain-induced anisotropy. Here, we extend this result to 3D granular assemblies and propose a relation to the pressure 'dip' observed at the bottom of a sand pile when prepared by successive avalanches. Interestingly, anisotropy induced by preparation was suggested by Savage [46] to explain this phenomenon. Note that the occurence of a stress solution with a dip can also be produced in a model pile composed of an elastic core and plastic wings [47] .
The paper is organized as follows. We first describe experimental results obtained for the response of a sheared granular layer in 2D and in 3D (section 1) and for a layer prepared by successive avalanches. We then present a theoretical anisotropic elastic analysis of these experimental data in 2D and a numerical analysis in 3D (section 2). Thereafter, we numerically solve the case of a conical heap (section 3). We close with conclusions and suggested perspectives.
Experimental response function on sheared granular layers
The response function experiments of interest here, were carried out in shear cell geometries in two and three dimensions. In both cases, the cell consisted of vertical boundaries that could be tilted quasi-statically by an angle φ with respect to the vertical axis. This process deformed the samples from an original rectangular geometry to that of a parallelogram.
In 2D, the spacing between the horizontal boundaries was maintained strictly constant, so that the sample volume also remained constant. The particles were pentagons made of a photo-elastic material, which allows a direct measurement of the local force response and of the force chains. More details on these experiments can be found in Geng et al. [25] . As we can see from figure 1, the salient features of these series of experiments are (i) the force chain network is oriented at 45 • from the horizontal axis, which is the principal compressive direction and (ii) the response to a vertical force is tilted with an angle β with respect of the vertical direction, which illustrates perfectly the symmetry breaking due to shearing. In a previous contribution we argue that this τ = 45 • angle is simply related to the principal axes of compression and dilation (respectively directions 1 and 2 on figure 1 ).
In 3D, we carry out two experiments to extend the study of the influence of shear on the texture of a granular assembly. First, we built an apparatus similar to the shear cell already used in 2D. Second, we deposited the material in a horizontal layer by the superposition of successive avalanches.
The shear cell -The shear cell is sketched in the left part of figure 2 . In order to probe the mechanical properties and the symmetries associated with the induced structure, we mounted a capacitive stress probe at the bottom of the cell (labeled 4 in figure 2) ; the applied force on the top (labeled 1) is moved horizontally. Specifically, the force response measurements use a low frequency modu- the imposed value of τ , signaling the increase of force anisotropy. This is further quantified through the angle resolved force average,f (φ), which can be expanded in a Fourier series as in Refs. [42, 74] .
The second order coefficient is directly proportional to τ , while the higher order terms do not couple to the stress at all. Indeed, Eq. (9) already provides an accurate fit to the numerical results when truncated at fourth order. Force anisotropy has been observed experimentally [4, 75] and in contact dynamics simulations [74] . Figure 9 shows an experiment on sheared packings of photoelasic grains, which visualizes the forces in the system [75] . These indeed reveal the preferred orientation of large forces along 45
• with respect to the horizontal, coinciding with the major principal axis.
Another striking feature of Fig. 8b is that many contact forces along the minor axis evolve towards zero for increasing shear (black area in Fig. 7b3-b4 near φ ∼ 3π/4). These small forces are close to breaking (they cannot become tensile), which will eventually lead to failure of the 8 system. Thus there must be a maximum τ m above which no solutions exist. One can interpret this in terms of the volume spanned by all force configurations, which continuously shrinks with τ and reaches zero at τ m . It is found numerically that τ m strongly depends on the coordination number z, and approximately follows the scaling [42] 
where z iso is the isostatic coordination number. One thus finds that the maximum possible stress vanishes when the packing approaches the isostatic limit. This is strongly reminiscent of the onset of bulk modulus, shear modulus and dynamic yield stress at the jamming transition. Far away from the isostatic point, it is possible to apply mean field arguments to estimate the maximum shear stress in the FNE [76] . This is done by requiring the average forcef (φ) to be positive in all directions φ. This condition is of course much weaker than the requirement that all individual forces be positive, and therefore leads to an upper bound for τ m . Generalizing the argument to frictional particles with friction coefficient µ, one estimates [76] 
Simulations of the FNE with z = 5.5 show that this upper bound is approached to within a few percent for µ = 0.5 and 1.0 [47] .
B. Response to a point force
Another way to assess the mechanical behavior is through the response to a localized force. For small enough forces this probes the Green's function of the granular packing and provides crucial information on the effective continuum description of the system. Experiments [77] [78] [79] and simulations [31, 80, 81] have shown that the spreading of the load inside the material is not universal but can be along a single broad peak, as is the case for isotropic linear elastic materials, or more anisotropically along two peaks. The response is found to depend on parameters such as friction coefficient, degree of disorder, coordination number and amplitude of applied force.
The response problem was addressed in the FNE for two-dimensional lattices with a free top surface [41, 43] . Frictionless grains were studied on a triangular lattice, while a square lattice was used for frictional systems. Here we discuss the findings of [43] , where the packing was first put under isotropic pressure p before applying a load f on a grain in the top layer (Fig. 10) . Within this setting it is possible to investigate the effect of the relative force amplitude, F = f /p, and the friction coefficient µ. The response function G(x, z) is defined by the difference in vertical force W (x, z) on a grain with and without the point force:
The brackets with subscripts F and 0 denote the average in the corresponding FNE. A linear regime was found for small enough load, F 3, where the response is independent of the amplitude F [43] . Figure 10 displays G(x, z) on the square lattice for various friction coefficients µ, all with F = 3. Each graph contains the response at different distances to the top surface and reveals how the load spreads through the material. Clearly, the response evolves from 'two peaks' to 'one peak' upon increasing µ. This can be interpreted as follows. In the particular case where µ = 0, the response must be along the two downward lattice directions. For µ = 0, the presence of tangential forces makes it possible to spread the load. This 'freedom' increases with µ and eventually yields a single peaked response, as in isotropic elastic media. These observations agree well with MD simulations of ordered layers of grains [80, 82] , where the grain-grain interactions were modeled in detail. These simulations showed that friction strongly enhances the regime where the material behaves like a linear elastic solid.
It is interesting to compare the µ = 0 results for the square lattice (z = 4) and the triangular lattice (z = 6). Though it is dangerous to extrapolate generic properties of isostatic systems from lattice packings, it is noteworthy that the response transitions from single-peaked (not shown) to double-peaked as (z − z iso ) → 0 + . This is consistent with the emerging picture that there is a diverging length scale ∼ 1/∆z above which a packing can be viewed as an elastic continuum [67] . Anisotropy may also play a role. The triangular lattice is isotropic in linear elasticity while the square lattice is not, and anisotropic continua admit two-peaked response [83, 84] . Finally, at fixed depth the response gradually changes to two peaks when increasing F well into the nonlinear regime, also consistent with continuum descriptions [84] . This crossover occurs when the local load W becomes much larger than the horizontal pressure scale, in which case the horizontal forces hardly contribute the force balance. Locally, this effectively changes the lattice from 'triangular' to 'square', the latter allowing only for transmission along the lattice directions -see also Ref. [80] .
IV. CONCLUSIONS AND OUTLOOK
The FNE is a convenient minimal model system for static granular materials that takes into account local force balance explicitly. Due to its simplicity its properties can be computed accurately.
The FNE reproduces the most robust features of the statistics of contact forces, suggesting that these features implement a random walk which is not allowed to leave E [26] . Such a procedure satisfies a detailed balance which leads to a uniform sampling.
Hexagonal packing of frictionless grains.-Consider a hexagonal packing of massless and frictionless disks confined by an external pressure applied on the walls of the packing (cf. Figure 1) . In Refs. [25, 27] , we examined this shown in Fig. 2. Figure 2(a) shows the response at various depths to an overload F 10 (in units of pressure), for several system sizes. Close to the top of the packing, Gx; z displays two sharp peaks along the lattice directions emanating from the point of application of the overload. Deeper in the packing, the two peaks broaden, and an increasing amount of load is transferred towards the center. Progressively, the response becomes flatter, and at a given depth the two peaks disappear completely. Below that depth, only a broad central peak persists, and its width increases linearly with depth. These results are independent of the size of the simulated system.
The dependence on the magnitude of the overload F is displayed in Fig. 2(b) , where the response is shown at a depth z 15. For small overloads, Gx; z is singlepeaked, and essentially independent of F, which shows that the variations of the forces are linear in applied overload. As F is increased, the response becomes flatter and progressively two peaks appear. For large overloads, these peaks are located on the lattice directions. In conclusion, for increasing overloads, the crossover between a doublepeaked and a single-peaked response is shifted deeper in the packing. 
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Rectangular packing of frictional grains.-In the presence of friction, each contact force possesses a tangential component in addition to the normal one. Moreover, torque balance on each grain must be taken into account. This implies that there are three unknowns per grain in a hexagonal packing, a situation for which we found reasonably sized systems impossible to simulate without the recourse of impractically long computer runtimes. We therefore considered a rectangular packing, in which grains in the same layer are not in contact (cf. Figure 1(c) ], a geometry previously studied in [30] , but in a different framework [31] . In the absence of friction, the response of a rectangular packing is trivial, as the overload propagates exclusively along the lattice directions. This setting thus allows us to isolate the effects of friction, which is the only source of disorder.
On each grain, there are now four unknown forces and three equations, so that the force ensemble can again be parametrized by specifying one force per grain, which we choose to be T 4 . The boundaries of E , whose dimension is again L2L 1, are determined by the requirement that all normal forces be repulsive and that all tangential forces satisfy Coulomb's criterion jT i j N i , where is the coefficient of friction. Because of this second requirement, the shape of E is complicated, and we use a ''ball-walk'' sampling [26] .
The results of the Monte Carlo simulations, with F expressed in units of p, are displayed in Figs. 3 and 4 . In  Fig. 3 , the response to an overload F 3 is shown at different depths, for different coefficients of friction . For small , the response consists of two peaks along the lattice directions. For 0:3, these peaks broaden essentially linearly with depth (cf. Figure 5 ), in agreement with experimental findings [7] . For 0:5, the peaks are very broad and merge into a single one below a given depth. For 0:7, the response consists exclusively of a single, central peak, whose width broadens linearly with depth (cf. Figure 5 ). Altogether, these results indicate that the depth of the crossover between double-and single-peaked response decreases with increasing .
The dependence of the response on the magnitude of the overload F is displayed in Fig. 4 for different coefficients of friction . Clearly, as F is increased, the two peaks become more prominent and propagate deeper in the packing, as in the frictionless case. For small F, in the singlepeaked regime, the response is independent of the overload, in other words, it is linear.
Discussion.-The force ensemble yields remarkably accurate predictions for the mechanical response of ordered packings. In particular, our results for the dependence of the crossover depth on applied overload and friction are in all points comparable to those of molecular dynamics simulations [9] , which describe the grains at a much greater level of detail. The force ensemble thus provides a simple theoretical framework which predicts both the linear response described by elasticity theory, and the experimentally relevant nonlinear behavior. follow from the geometry of a high-dimensional space, and that details of the force law are of secondary importance. Perhaps most surprising is the finding that P (f ) in the FNE decays faster than exponentially. It is our impression that consensus has crystallized about the notion that exponential tails are a hallmark of granular force fluctuations, motivated by early experimental [10, 11] , numerical [2] , and theoretical [12] work. Although there is support for this view, it seems to outrun the available evidence. The FNE suggests an alternative perspective; namely that distributions decay faster than exponentially asymptotically but, due to anisotropy, may appear exponential over accessible ranges. One useful role for the FNE is that of litmus test: a model that cannot explain results in the FNE is too simplistic. On this basis the q-model and ideal gas-like extrapolations from the Edwards ensemble can already be rejected. Therefore, if the tail of P (f ) in real systems is robustly exponential, a theoretical explanation is still lacking.
As a statistical measure, P (f ) carries no information about the spatial structure of force networks. Studies of thresholded force networks offered the intriguing suggestion that systems with vector force balance represent a different universality class from ordinary percolation [44, 45] . More recent work, however, attributes these observations to crossover effects [85] . It is therefore an open question whether force networks carry diverging spatial signatures of the impending loss of rigidity as the isostatic point is approached, as do the vibrational [66] and response [67] properties of soft sphere packings.
Studies of response hint at a connection between hyperstaticity of forces and elasticity or continuum-like response in the corresponding soft sphere packing [67] . It remains an interesting and open question whether the stress statistics of Eq. 8 break down near isostaticity.
Important topics for future studies are the nature of force networks in frictional systems, in systems of nonspherical particles, and in flowing systems -does the FNE also capture the statistics of these systems? Finally, one may wonder if the idea of flatly sampling a family of configurations, which the FNE does for force configurations, can be extended to other cases, such as the family of contact geometries that correspond to a certain contact topology.
